Low-frequency CMP-EFIE with perturbation method for open capacitive problems by Liu, QS et al.
Title Low-frequency CMP-EFIE with perturbation method for opencapacitive problems
Author(s) Liu, QS; Sun, S; Chew, WC
Citation
The 2012 IEEE International Symposium on Antennas and
Propagation (APSURSI), Chicago, IL., 8-14 July 2012. In
Proceedings of the 2012 IEEE APSURSI, 2012
Issued Date 2012
URL http://hdl.handle.net/10722/165301
Rights IEEE Antennas and Propagation Society. InternationalSymposium. Copyright © IEEE.
Low-Frequency CMP-EFIE with Perturbation Method 
for Open Capacitive Problems 
Qin S. Liu1, Sheng Sun1, and Weng Cho Chew1,2 
1Department of Electrical and Electronic Engineering 
The University of Hong Kong 
Pokfulam, Hong Kong, China 
sunsheng@hku.hk 
2Department of Electrical and Computer Engineering 
University of Illinois at Urbana-Champaign 
Urbana, IL 61801 USA  
w-chew@uiuc.edu
 
Abstract—This paper addresses the low-frequency problems for 
open capacitive problems in the electric field integral equation 
using Calderón multiplicative preconditioner (CMP-EFIE). At 
low frequencies, the CMP-EFIE fails to extract accurate high-
order current for a capacitor problem. By representing the 
electric current at different frequency orders as a power series, 
we successfully apply the perturbation method on the CMP-EFIE 
for capacitive structures with open surfaces. Numerical results 
show that the highly accurate current for a capacitor can be 
obtained with fast convergence at extremely low frequencies. 
I. INTRODUCTION 
When solving the electromagnetic radiation and scattering 
problems with method of moment (MoM), two kinds of 
equations are extensively used: the electrical field integral 
equation (EFIE) and the magnetic field integral equation 
(MFIE). For open surface problems, solving the ill-posed EFIE 
is the only way since the well-conditioned MFIE is no longer 
valid because of the assumption of the extinction theorem [1]. 
However, the low-frequency breakdown problem happens 
when the Rao-Wilton-Glisson (RWG) basis function is 
employed in the EFIE formulation. One remedy of this 
problem is to separate contributions from the vector potential 
and the scalar potential using the loop-tree or loop-star 
decomposition [2]-[4], while the other one is to include charge 
as additional unknown in the augmented EFIE (A-EFIE) 
method [5]. Recently, the Calderón multiplicative 
preconditioner (CMP) is proposed based on the self-
regularizing property of the EFIE operator and Calderón 
identities, which results in a well-conditioned second-kind 
Fredholm integral equation operator [6]. However, when the 
frequency goes to zero, the CMP method still suffers from the 
low-frequency breakdown problem [7]-[9]. Different from the 
solution with the loop-star decomposition in the CMP-EFIE [7], 
[8], one can remove the square of the hypersingular term ሺ ௛࣮ଶሻ 
analytically to ensure the remaining three terms ( ௦࣮ଶ, ௛࣮ ௦࣮, and 
௦࣮ ௛࣮ ) to be stable at low frequencies [9]. Unfortunately, we 
observed that it loses the accuracy of current for the plane wave 
scattering and results in a large error in the far-field 
computation at very low frequencies [10]. 
In order to address this low-frequency inaccuracy problem, 
we proposed the perturbation method to enhance the accuracy 
for the CMP-EFIE formulation, which has been successfully 
used in the A-EFIE [11]. The electric currents on closed 
surfaces can be accurately computed at very low frequencies 
[10]. To make this method more widely applicable, we extend 
it here to solve open capacitive problems at low frequencies. 
One of the most typical examples with open surfaces is a 
parallel-plate capacitor. The numerical results show that the 
proposed method is very stable at arbitrarily low frequencies 
and converges well in an iterative solver.  
II. BACKGROUD 
The EFIE operator can be written in the mixed form with 
the combined contribution of smoothing ( ௦࣮) and hypersingular 
( ௛࣮) terms as 
࣮ሺࡶሻ ൌ ௦࣮ሺࡶሻ ൅ ௛࣮ሺࡶሻ                             (1) 
௦࣮ሺࡶሻ ൌ ݅߱ߤ ൈ ׬ ݃ሺ࢘, ࢘ᇱሻࡶሺ࢘ᇱሻ୻ ݀࢘ᇱ              (2) 
௛࣮ሺࡶሻ ൌ െ ૚௜ఠఢ ࢔ෝ࢘ ൈ ׏ ׬ ݃ሺ࢘, ࢘Ԣሻ׏௦ · ࡶሺ࢘Ԣሻ୻ ݀࢘ᇱ           (3) 
where ݃ is the free-space Green’s function, ε and μ are the 
relative permeability and permittivity, and ࡶ  denotes the 
unknown surface current. When the frequency goes to zero, the 
matrix becomes singular and ill-posed on account of a null 
space of the divergence operator in the hypersingular term. 
Based on the self-regularizing property of the EFIE operator 
and Calderón identities, a new integral operator can be 
constructed to be a second-kind integral operator. By this way, 
the operator becomes well-conditioned after manually setting 
௛࣮ ௛࣮ ൌ 0 as 
࣮ଶ ൌ ௦࣮ ௦࣮ ൅ ௦࣮ ௛࣮ ൅ ௛࣮ ௦࣮                       (4) 
The perturbation method works very well in CMP-EFIE for 
closed surfaces at low frequencies [10]. Here a brief review of 
the perturbation method for a capacitive problem is described. 
The Green’s function can be expanded with respect to a small 
parameter ߜ ൌ ݅݇଴ as 
݃ሺ࢘, ࢘ᇱሻ ൌ ଵସగோ ቂ1 ൅ ݅݇଴ܴ ൅
ଵ
ଶ ሺ݅݇଴ሻଶቃ ൅ ܱሺߜଷሻ          (5) 
Meanwhile, after the discretization procedure the sub-matrices, 
the current and excitation vectors can also be expanded with 
respect to the small parameter ߜ. For example, the current is 
given by 
݅݇଴࢐ ൌ ࢐ሺ଴ሻ ൅ ߜ࢐ሺଵሻ ൅ ߜଶ࢐ሺଶሻ ൅ ܱሺߜଷሻ                 (6) 
Matching the coefficients of like powers of δ, the current ࢐ can 
be solved accurately in a recursive manner. For the capacitor, 
the dominant current is of order ߱ଵ  [11]. It means that the 
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